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Abstract 

Given a compact polarized Kahler manifold X CP^, the space of Bergman metrics on X, parameterized 
by SL{N + 1, C), corresponds to a dense set in the space of Kahler potentials in the Kahler class as A ^ oo. 
Critical points of the kl\\ K-energy functional, which is defined on the Kahler class, correspond to metrics 
with harmonic kth Chern form. In this paper it is shown that the higher K-energy functionals, when restricted 
to the Bergman metrics, are expressible as the energies of certain pairs of vectors (tensors products of 
discriminants). Consequentially, we obtain results on the asymptotic behavior of these functionals along 
1-parameter subgroups and their boundedness properties. 

Keywords: polarized Kahler manifolds, higher K-energies, Bergman metrics, discriminants, resultants, 
harmonic Chern forms 


1. Introduction 


A major body of research in Kahler geometry has been guided by the Tian-Yau-Donaldson Problem, 
which asks for necessary and sufficient conditions for the existence of a canonical metric (e.g., extremal, 
cscK, Kahler-Ei nstein) in a given Hodge clas s. This pr oblem has been solved in the Fano case by Chen- 
Donaldson-Sun I CDS 15a , CDS 15b , CDS15cl] and Tian I Tial5 ] in 2012. Alternativel y, with t he establish¬ 
ment of the partial C** estimate by Szekelyhidi in 2013 I Szel5ll . S. Paul’s 2012 paper I Paul2all showed that 
for a Fano manifold X with finite automorphism group, (A, -Kx) is asymptotically K-stable (in Paul’s sense 
of pairs) if and o nly if it a dmits a Kahler-Finstein metric. 

A key step in l|Paul2al] was the algebraic reformulation of the Mabuchi K-energy in terms of the classical 
algebro-geometric discriminants, i.e., defining polynomi als of hy persurface dual yarieties. The analytically 
defined K-energy map was defined by Mabuchi in 1986 dlMabShll ') in order to detect Kahler-Finstein metrics 
in a giyen Kahler class. The Mabuchi K-energy is an integrated form of the Futaki invariant, which yanishes 
if the Kahler class admits a cscK metric. Accordingly, a cscK metric is an extremum of the Mabuchi 
K-energy. Paul’s reformulation of the Mabuchi K-energy in algebraic terms thus allowed for a GIT-style 
stability criterion to replace the extremal condition for Kahler-Finstein metrics. It is hoped that the stability 
criterion will be easier to chec k in explicit examples. 

In the 1986 paper llBM86ll . Bando and Mabuchi defined a broader class of functionals Mk, k - 1,2,..., 
that generalized the Mabuchi K-energy, the cas e k - \ . These higher K-energy functionals integrate a 
corresponding class of higher Futaki inyariants (|BanQ6 ll)- Moreoyer, a Kahler metric with harmonic kth 
Chern form giyes an extremum of the kth K-energy. Howeyer, for k > 1 yery little is known about the 
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behavior of these functionals. It is unknown whether these functionals are bounded above or below, or 
whether they enjoy any sort of convexivity properties, in analogy with the case k - 

We now outline the key results of this paper. As a preliminary result, we obtain the following 


Theorem 1.1. Let X" ^ CP^ be a smooth, nonlinear, irreducible, subvariety embedded by a complete 
linear system and k < n be a positive integer. Ifk>3, assume further that at least one of the Chern classes 
c j{J i(Ox(f))) + Ofor k < j < n, where 7i(C)x(l)) is the bundle of 1-jets of the hyperplane bundle. 

Then there exist SL(A + 1, C)-modules and equipped with Hermitian norms, and nonzero vectors 
Vk 6 Vk and wt e Wk such that the kth K-energy restricted to the Bergman metrics is given by 


Mk(_cr) = log 


Wcr-VkW^ 

livin' 


-log 


Wo'-Wkf 

WwkW^ 


( 1 ) 


/or cr 6 SL(A+ 1,C). 


The SL(N + 1, C)-modules 14 and Wk and the vectors Vk and Wk are given exp licitly in Section|5]in terms 
of Chow forms and X-discriminants. The construction of the norms, due to Tian (| Tia9j]), is given in Section 
[3] The assumption on the Chern classes of the jet bundle is there to ensure the relevant X-discriminants exist. 

With Theorem 1 1.1 1 in tow, we obtain two results on the global behavior of Mk on the space of Bergman 
metrics !B. 


Corollary 1 (Asymptotics of Mk). Let d : C* —> SL(A + 1,C) he a 1-parameter subgroup. Then there exist 
asymptotic expansions of the higher K-energies as |f| —» 0 : 

M,(d(f)) = Ai(d) log |f|2 + Bk{A), (2) 

where Ak(A) e Z and Bk(A) is (9(1). 

Corollary 2 (Boundedness of Mk). The following are equivalent: 

1. Mk is bounded below on IB 

2. Mk is bounded along all 1-parameter subgroups d : C* —» SL(A + 1, C) 

3. Mk is bounded below on all algebraic tori in Sh(N + 1, C) 

4. the pair (vk, Wk) is K-semistable. 


This paper is organized as follows. In Section we establish notation and recall the definitions of the 
higher K-energies and discriminants. We set the notation for the embedding of X into CP^ and the related 
Bergman metrics and then define the higher K-energies. Finally, we define discriminants and recall certain 
facts from the literature that relate to our work. In Section |3] we show a technical lemma; the higher K- 
energies have log-polynomial growth on SL(A -H 1, C). This fact enables us to employ Tian’s “<95” technique 
from I Tia94 l. needed for Lemma H] In Section |4] we obtain a formula discriminant degrees deg^A^"^') in 
terms of the integrals pk dehned in Section|2l This requires computing a top Chern class C 2 n-k on the bundle 
of 1-jets on the hyperplane bundle 7 i((9j(;(.xcf’ S ection|5l this Chern class is then used to obtain the 
formula ([T]i, relating higher K-energies to discriminants. 

The author would like to thank his PhD advisor, Sean Paul, for encouraging him to study these function¬ 
als, and for helpful advice along the way. Also, he would like to acknowledge Joel Robbin, Jeff Viaclovsky, 
and Bing Wang for their roles in his education. Finally, he would like to thank the mathematics department 
at UW-Madison for its stimulating environment. This work will provide part of his dissertation. 
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2. Background and Notation 

Polarized Kdhler Manifolds 

A Kahler manifold (X, ai) is said to be polarized by a Hermitian holomorphic line bundle (L, h) over 
X if w is the curvature of h, i.e., if o) - - V^551og|s|^ for any local non-vanishing holomorphic section 
s. By Kodaira’s embedding theorem any compact polarized Kahler manifold holomorphic ally embeds into 
¥(H'-\X, L*™)) = CP^, for m sufficiently large and N dime L®”) - 1. 

Conversely, any projective embedding X ^ CP^ polarizes X. Specifically, given a smooth, compact, 
projectively embedded Kahler manifold l : X ^ CP^ of complex dimension n with Kahler form w, we 
have that X is polarized by the (positive, holomorphic) line bundle (9epjv(l)|((X). The standard metric hQN^\ 
on restricts to a Hermitian metric h (unique up to rescaling) on (9|,;;pjv(-l)|i(x) c CP^ x such that 
u is the curvature F of the Chern connection V* for h)', the metric on (9cp«(l)li(x) := f5cp"(“l)li'(x) induced 
by /z; thus co — A local nonvanishing holomorphic section s of <9cp)v(l)|i(x) gives a local Kahler 

potential via 

W =ioc - V^i*551og \s\ly = V^i*551og \s\l , (3) 

where |s|^v is the (pointwise) square norm of s with respect to and similarly for |s|^. 


Bergman Metrics 

Given a basis {sq, ■ ■ ■, sn} of sections of H^\X, t*(9cp«(l)|i(x)), the embedding i can be written explicitly 
for an open set t/, c A on which some s, is nonvanishing as l\u. : Ui ^ CP^ given by 


I sq(p) sn(p) 

‘If/, ■P'-^ -TT • ■■■ • “TT • 

Slip) Si(p) 

Let z - (z\ ... ,z") : t/o ^ C" be local coordinates on Uq and set T : C" 


Tiizip)) 


Si(p) 

SoipY 


qN+1 


(4) 


(5) 


i - 0,... ,N, so that ilu^ip) = [1 : Tfzip)) : ■ ■ ■ : Tn(z(p))]. The Kahler metric co - 2 gijdz' A df/ on 

X is the pullback under t of the Fubini-Study metric on CP^ restricted to l(X). Let | ■ | and (•, •) denote the 
norm and inner product on respectively, and put 5, d^i, etc. Since T is holomorphic, we have 


gijiz) = didjlog\T(z)f- = di 


{t(z), djT(z ))) {diT(z), djT(z)) {t(z), djT(z)) <5,T(z), T(z)} 


\T(zr 


\T(zr 


\T(zt 


( 6 ) 


The standard action of SL(A + 1, C) on induces an action of SL(A + 1, C) on A so that for cr e 
SL(A-h 1,0 and p e X, 

O' ■ F := [f ■ (^ Si(p)e ,)], 

where the e, are the standard basis vectors in The metric on cr ■ A is given locally by 


cOo-iz) := cr*cu(z) =ioc V^dddloglcr ■ T(z)f . 


(7) 
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( 8 ) 


It follows that tOa- — CO + yf-^ddipa-, where 
\cr-T{zt 


ipAz) = log ■ 


\T{zt 


on Uq c X. Writing ooa- - 2 ^i] on Uq, we have 


hniz) = 


ia-{diT{z)), a-{djT(z))) {a-{diT(z)), (rT(z)) {crT(z), cr(djT(z))) 


\crT(zr 


\crT(z)f 


(9) 


For a general compact Kahler manifold the space of Kahler metrics in the cohomology class [w] are 
parameterized by real C“ plurisubharmonic functions up to the the addition of a constant via co^ = to + 
yj-^ddip, where ip e R). We denote the function space 

"Ko) \p> 6 C°°(M, R) : co^ = to + ypAddip > o}, 

where here > 0 means “is positive dehnite.” The key result due to Tian, Ruan, Zelditch, and Catlin shows 
that the Bergman metrics are dense in the C°° topology on 'Ha,, in the sense that for any (p e Ha, there exists 
a sequence jpk | log(2j I'Syl/jt) converging to as k —» oo in the C°° topology, where {so, • ■ ■, svt) is a 
basis ofi/“(WT®*)- 


Higher K-Energies 

Let {X, to) be a compact Kahler manifold, p 6 Ha,, and k e (1,..., n). Given a smooth path <I) ; [0,1] ^ 
Haia, <Pt ®(0, from (fQ 0 to (pi ip, the kth K-energy functional ; Ha, ^ R is dehned to be 


Mk{<p) —in + l)(n — k + 


1)fJ" jj" ] A w" df. 


( 10 ) 


where 


COf I— COq + 


y/^ddtp, 


Ek — f Ck(coo) A cuq ^ 
r Jx 



( 11 ) 


Note that pk and V are co nstants on Ha,. The factor -(n + l)(n — k+ 1)V coincides with the normalization for 
the Mabuchi K-energy in l|Paul2al] . Its presence simplihes the formula for Mk in terms of discriminants and 
ensures that Ak(A) in Corollary[T]is in Z instead of just Q. Bando and Mabuchi showed that these functionals 
are independent of the chosen path to, in Ha,. 

In the case k - 1, Mj is the Mabuchi energy whose extrema are cscK metrics. In the general case, the 
extrema of Mk are metrics whose kth Chern form is harmonic. 


Discriminants 

In this subsection we provide the necessary background material on discriminants and projective duality. 
While many of the dehnitions and results are classical, we include them here since they may not be familiar 
to many Kahler geometers. A good re ference fo r the ma terial in this section is the excellent book by Gelfand, 
Kaparanov, and Zelevinsky iGKZOSll . See also I Tev05 1 for a more compact treatment. 

Let X" CP^ be an projectively embedded Kahler manifold. For each p & X, denote by TpX the em¬ 
bedded tangent space to X at p. This is an n-dimensional linear subspace of CP^. The set of all hyperplanes 


in ( 


is the dual of 


denoted 
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Definition 1. Let X CP^ be a projectively embedded Kahler manifold. Assume further that X is a 
nonlinear, linearly normal subvariety. Then the dual variety X'' of X is the variety of tangent hyperplanes to 
X; 

X'':={//€(CP^)''|3p6X;T^Xc//}, (12) 

the closure taken in the Zariski sense. 

The linear normality condition is added to avoid trivialities, and is not restrictive. It ensures that X is 
nondegenerate and not equal to a nontrivial projection. Here, nondegeneracy means that X c CP^ is not 
contained in any hyperplane. The essential content is that our embedding is optimal: smaller N values 
preclude an embedding. 

In the remainder of this section it is assumed thatX” ^ CP^ is a smooth, nonlinear, irreducible, 

linearly normal, degree d projective variety with n < N. 

Most dual varieties are hypersurfaces in (CP^)''. The deviance of the codimension of X'^ c (CP^)'' from 
1 is measured by the dual defect 

5{X) := (A - 1) - dim(A'') > 0. (13) 

An upper bound for X" ^ CP^ with n > 2 is 


5(A) <n-2. 

We have a formula for the dual defect in terms of the Chern classes of the bundle of 1-jets on the hyperplane 
bundle 

5(A) = min{k e Z|c„-,t(7i(Dx(l))) 0). 

Definition 2. If 5(A) = 0 so that A'' c (CP^)'^ is a hypersurface, the defining polynomial Ax (unique up to 
scaling) is called the X-discriminant: 

(Ax)"‘(0) A'' c (CP^)'". (14) 

We usually just speak of the discriminant when A is understood. 

We can say more about the dual defect if we follow Cayley and look at Segre embeddings. 

Definition 3. In general, we consider the Segre embedding 

AxCP'^ P(C^+i ^C'^+i). 

If 5(A X CP*) = 0, the X-hyperdiscriminant of formal (k) is the irreducible defining polynomial of the 
hypersurface (A x CP*)'': 

(A^*V'(0) := (A X CP*)'' c P(C^'"' ® C*'"^)''. (15) 

Lemma 1. The X-hyperdiscriminant A® exists if and only if 

6{X)<k<n. (16) 


^As the notation suggests, there is a multiindex fomulation of the X-hyperdiscriminant. We omit this as it is unnecessary for our 
purposes. 
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In particular, since 6{X) <n-2 whenever n > 2, we have in that case that always exist. 

There is a nice relationship between discriminants and resultants. Recall that the Cayley-Chow form of 
X, or X-resultant, is the defining polynomial Rx (unique up to scaling) of the divisor 

{RxT\0) ;= [l 6 Q(N - n, CP^) | L n A 0 }, (17) 

where G(^, CP^) denotes the Grassmannian variety of A:-planes in CP^. We note that Rx is irreducible since 
X is irreducible, and in Pliicker coordinates on G(A^ - n, CP^), deg(Rx) = deg(A'). The Cayley trick relates 
A-hyperdiscriminants and X-resultants by 

A^^)) ^ (18) 

= Rx. (19) 

We think of intermediate hyperdiscriminants A® with 6{X) < k < n as interpolating between Rx^ and Rx- 


3. Log-Polynomial Growth of K-Energies on the Space of Bergman Metrics 

The purpose of this section is to generalize the Main Lemma in l|Paul2al] . stated below, to the higher 
K-energies. Recall that the Donaldson functional of a GL(n, C)-invariant polynomial (D of degree n + 1 on a 
vector bundle E is 

f BC(E,<D;Ho,Hi), (20) 

Jx 

where BC)^, <D>; Ho, Hi) is the Bott-Chernform of d) on the vector bundle E between the Hermitian metrics 
Ho and H\ on E. The Bott-Chern form transgresses between <D>(T'o) and <l>(T’i), i.e. 

Vm 53BC(£, d); Ho, Hi) = d)(Ei) - d)(Eo). (21) 

Lemma 2 ( l|Paul2al] l. Let X CP^ be a smooth, linearly normal n-dimensional subvariety. Assume that 
X'^, the dual ofX, is a hypersurface with defining polynomial Ax of degree d'^ and that D y,(0;s.(i))v (c„+i; Hicr), //(e)) 
has log-polynomial growth in cr, where cr e SL(A^ + 1, C). Then there is a continuous norm || ■ || on the vector 
space of degree-d^ polynomials on (C^'*^^)'^ such that for all cr 6 SL(A^ + 1, C), we have 

(-l)''+'Dy,(o,(i))v(c„+i;//(cr),//(e)) = log (22) 

11 Ax 11 

where e denotes the identity ofSC{N + 1, C). 


Here we recall the construction of the continuous norm on (9 b(- 1), where B is the projective space 

B ;= P(//“((CP^)'',0(<i''))) (23) 

and ;= deg(A'''). The discriminant Ax e B and, given a linear functional aozo H- 1 - a^ZN on (CP^)'^, we 

can write 


In In 

<o.....iA.ao <■ 


Ax(aoZo + ■ ■ ■ -i- onZn) = XI 

/qH— 

In these coordinates, we define a norm on (9 b(- 1) by 


IIAxIlls := X 




io- ■ ■ ■ In- 


(24) 


(25) 
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Define a new norm conformal to || ■ by 

ll-lh^e^ll-llFs, ( 26 ) 

where 6, defined below, is a continuous function on B. Note that 6 is bounded since B is compact. 

To define 6, first recall that the universal hypersurface associated to B is the kernel of the evaluation map 


:= {([■?’], [aozo + ■ ■ ■ + onZn]) ^ Bx (CP^)'' ; F(ao ,..., a^v) = o}. 
Now define u to be the (1, l)-currenton B given by 

uAf^ I (pr2)*(W(cpV)v) A (pri)*(l/r) 

Jb Ji 


(27) 


(28) 


for all smooth (b - l,b - l)-forms f on B, where b - dime B, is the Fubini-Study Kahler form on 

(CP^)'^, and pr[ and pr 2 are the projection maps on B x (CP^)''. Tian (|Tia97|) showed that [u] - [ub] in 
cohomology, where ub is the Fubini-Study form on B, and there exists a continuous function 0 on B such 
that 


u — ojb + V^ddO, 


(29) 


in the sense of currents. 

We explain the “log-polynomial growth” mentioned in the lemma. Denote 

D(ct) DjyoMric„vuH(cr), H{e)). (30) 

In the proof of this lemma it was shown that (Prop. 4.2) the quantity 

(-l)''"'D(cr)-log^-^ (31) 

11 Ax 11 

is a pluriharmonic function on G, i.e. 

B5((-l)"^'D(o-)-logi^^^-^^] = 0. (32) 

\ IIAxll / 

We would like to drop the dd from this formula. To this end, note that pluriharmonicity implies that there is 
a holomorphic function F on G such that 

(-l)«+'D(cr) - log = log IFicrf . (33) 

11 Ax 11 


Following I Tia97 ] pp.33-34, consider G as a quasi-affine subvariety of CP^^'*’^^ . More precisely, given 
homogeneous coordinates Zij for 0 < i, j < N, define W to be the affine variety 


W = {Uoo : zoi : • • • : Zn,n : w] : det(z,2) = c 

Then G = W n {w + 0]. We have that F extends to W as a meromorphic function provided F grows 
polynomially near W \ G, i.e. there are constants £ > 0 and C > 0 such that 

B(cr) < C ■ dist(o-, W \ GY, 
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where the distance is measured using the Fubini-Study metric on . All the poles of F must live in 

VF \ G. But VF \ G is irreducible and VF is normal, so all the zeroes of F must live in VF \ G. Therefore F is 
constant and, since log \F{e)f' - 0 for e 6 G the identity, 

(-ir'D(cr) = log (34) 

IIAxIl' 

While the polynomial growth of F was given for D{cr) corresponding to Mi(cr), we must establish the 
log-polynomial growth for the higher K-energies. This is done in the next two lemmas. 

Lemma 3. Given a compact polarized Kdhler manifold l \ X ^ CP”, let oia- denote the Bergman metric 
induced by cr e Sh(N + 1, C). Then there exist constants Ci, C 2 , C 3 , C 4 such that 


l|c<^<rlU ^ Ci(||l||ci(X)) (35) 

II^IL^ < C2(lk||ci(x)) (36) 

lIRm^lL^ < C3(lkllc2(x)) (37) 

\\Ck{(^cr)\\tj^ ^ Qdkllc^tX)); (38) 


where e e SL(A - 1 - 1, C) is the identity. By |kllc*(X) tve mean 

lk*/llc‘(X) 


lkllc‘( 


sup 


llfll 

/eC‘(CF")x|0| ll/llc‘(ClP^) 

and the musical isomorphism # is induced by aig. 


(39) 


Proof. Locally, 

Wo- = V^S^logla-ri^ = V^^/ijjdz' Adz-' (40) 

ij 


on an open subset U <z X so that 

{cr(diT),cr{djT)^ {cr{diT),crT){a-T,o-(_djT)^ 
~ \o-T\^ \o-Tf 


(41) 


where the norms and inner products in Eq. (|4TJ are on Recall the definition of T : C" ^ given 

in Section 13 

Consider a fixed point p e U. We see that each term is rational in cr with matching degrees in the 
numerator and denominator. Since the norm IcrTI is nondegenerate and T{p) 6 \ (0), each rational 

expression is uniformly bounded above and below. Thus, at p e U 

\hrj(p)\ (cr) < Cl (Tip), t(p), dfT(p), djTip)), (42) 

which shows (l35]) . 

By the same token 


dkhfi - 


{cr(dkdiT), cr(djT)) {(r(diT), cridjT)) MdkT), crT) {cr(dkdiT), aT) {crT, cr(djT)) 








{o-(diT), a-T) {o-(dkT), o-(djT)) {o-(dkT), crT) {o-(diT), crT) (crT, cr{djT)) 

' + 2- 2 -^- -, (43) 
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etc., so that at p e U, but suppressing this dependence in the notation, 

\dkhij\ (a) < C 2 (T, T, diT, d-jT, dtT, dkdiT) (44) 

\djhij\ (cr) < CiiT, f, diT, d-jT, djf, djdjT) (45) 

\dkdjhij\ (cr) < C 4 (T, T, diT, d-jT, djT, djd-jT, dkT, dkdiT). (46) 

To bound the inverse metric // * just note that the constant term of the characteristic polynomial is 

Tt{H) > 0. Applying // * to both sides of the characteristic equation shows that // ' is a polynomial in H. 
Thus 


\h‘~j\(o-) < Ci{T, T,diT,djT), 


which shows i 

Next, we see that 


RpJ (cr) < \dkdjhij\ + \hP^\ \dkhig\ \djhpj\ < CdT, T, diT, df, djT, djdjT, dkT, dkdiT). 


(47) 


(48) 


(Similarly, the Ricci and scalar curvatures are uniformly bounded with respect to cr, since contractions with 
h'j are controlled.) Finally, we note that the Chern forms are given by polynomials of the curvature 2-form, 
which is uniformly bounded. □ 

Lemma 4. Assume X x CP"“^ is dually nondegenerate in its Segre embedding. Then the higher K-energies 
have log-polynomial growth. Thus, for each k — there is a holomorphic function Fk on G and 

constants £k > 0 and Ck > 0 such that for all cr e G, 

IK ■ ^XxCF'“*|I 


(-l)"+‘D,(cr)-log. 

IKxxcr-‘|l 


= log|F*(cr)| , 


and 


Fk{cr) < Ck ■ dist(cr, W \ Gp. 

Proof. We study the asymptotic behavior in cr of 


Mk{cr) - -(n + l)(n - k + l)y 
by considering the particular path in Flu given by 


J J ‘fit [q(w/) a (tj’l ^ - Pkoj"] dt 


If, = log ■ 


|r |2 


(49) 


(50) 


(51) 


(52) 


where f e sI(A H- 1, C) satishes e^ - cr. With this path cu, := to + 'J^ddtpt is a Bergman metric for each 
f 6 [0,1]. By the previous lemma the factor in brackets in Eq. (fSTT l is uniformly bounded in cr. Also 


11 , 0(1 (cr) 


|(ef'r, if* + f)e^'T)\ 
\ePTf 


<ir+fllop<logTr(crV), 


(53) 


where || ■ Hop is the operator norm on matrices. The last inequality follows since the eigenvalues of cr are the 
expon entials of the eigenvalues of This establishes the estimate (fSOl l: Eq.|49]now follows from Proposition 
4.2 in I Paul2a l. □ 


This establishes Lemma|2]for the Donaldson functionals corresponding to the higher K-energies. 
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4. Discriminant Degrees 


The purpose of this section is to compute the degree of the jf-hyperdiscrimi nant of format (n - k). To 
accomplish this we use the following result of Beltrametti, Fania, and Sommese llBFS92n . 

Lemma 5 (I BFS92I] '). IfX" ^ CP^ is smooth, then X'' is a hypersurface if and only if Cn{J i{Ox(l))) + 0, 
where 7i((9x(l)) is the bundle of 1-jets of the hyperplane bundle on CP^ restricted to X. In this case 


deg(Ax) 


fc, 

Jx 


(jiiOxim- 


(54) 


In the case of the X-hyperdiscriminant of format (n - k) the integral becomes 


deg(A^”~'^n= f s*C2„-dMO,(xxcr"->:fim (55) 

Jxxcr“‘ 

where s ; A" x CP"~*^ CP^, 1 = (n+ l)(n - k -h 1) - 1, denotes the Segre embedding. To compute this 
integral, our strategy will be to split Chern classes up until each factor is supported either on X or on CP"^*. 
This is accomplished by the following. 


Lemma 6. Bfe have 


C2n-k(A) = - i + 1) _ , F<'(") 


A dJ 


n~k 

FS 


where 


Ji " ■= = priCi(<9x(l)) 

c/(w) pr\ci(T]f) = (-l)'prjCi(Q^’“) ofs := pr^wra = pr 2 Ci(f 9 ciy.- 0 - 

Proof Bundle Factorization Formulas. 

Smooth Euler Splitting; 


(56) 


(57) 

(58) 


it+i 

0(9cP‘(-l) = i^c^©^5cp* (59) 

Jet Bundle Sequence: for any holomorphic line bundle L ^ X 


0-- >Jy(L) -J-L-(60) 

Segre Factorization: setting ■5*<5cp'(l)li(XxCF'“‘) andC)x(l) := C)cp«(l)lx 

(f5x(l)) ® pr; (^cr-d)) (61) 

(Holomorphic) Base Product Splitting: 

- (prl^^f (l)®P4dcr-(l))©(prIdx(l)®pr;Q0.(l)) (62) 

Twisted Smooth Euler Splitting; 

0 pr';Ox(l) = (pr'IOx)!) ® pr;Q^’^(l)) © (pr^t^x)!) ® prlpcA'^)) (63) 
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By the jet bundle sequence for 


J\ •— ■^l(^) — -^1 (^i(XxCF"“‘) (^ (65) 

over s(X X CP"~*), the total Chern class of the jet bundle is 

s c(7i) = s (^s(xxcr“‘) ® ^.5(xxcr“‘)(l)) ‘^( 6 ^.s(xxcr“*)(^)) ( 66 ) 

= **^(“!Sxcr-‘)^l>) ^ **^Kxxcr-‘)(l)) (67) 

= ^^ ^(**^5.(xxcr-‘)(l)) ■ ( 68 ) 

Applying the holomorphic base product splitting to the first factor and the Segre factorization to the second 
factor, we see that 

s*c{Ji) = c ((prjnf (1) ® pr^Ocr-d)) © (prjOxd) ® pr^Q^’^^^dd)) (69) 

A c (prj (dx (1)) ® Pd (dcr-‘ (1))) (70) 

= c (pr j 1 ) ® prjdcr-* (d) (71) 

A c((prjdx(d ® pr;n^’^_dd) © (pd (Ox(d) ® Pd (Ocr-dd))), (72) 


where we used the Whitney product formula in the second equality. By the smooth Euler splitting this 
becomes 


s*c{Ji) - c(prjQ^’°(l) ® prjdcr-dd) A c 


-k+\ 


pd<9x(d 


V J 

= c(prj(Q^’° ® <9x(d) ® Pd<^cp"-‘(d) A c (prj<9x(d)"‘^^' 

= c (prjQ^’° ® (prj<9x(d ® Pd<^cr-‘(d)) A c (prj6)x(d)"‘^^' 
To obtain pth Chern classes, we apply the general formula 

P / -x 


Cp{E ® 7^) = X _ 'Jc,(£) A ci{L)P-\ 

where £ is a rank r vector bundle, L is a line bundle, and 0 < p < r is an integer. Taking E - prjQ^’® 
L = pr*(9x(d ® Pd^^cr *(dx it follows that 


(73) 

(74) 

(75) 


(76) 

and 


/7=0 /=0 


s'^ciJi) = Jc/(pr*Q^’^) Aci(pr*<9x(l)®pr2<5cr-^(1^^^ ' A c (pr*C)x(l)f 

= ^ ^ _ ^'j(-l)‘ci(w) A (w + (OfsY ' A (1 + (o)" 

j(-l)'c,(w) A A . 


-k+l 


n p p-i n~k+\ 

=zzzz 

p =0 /=0 7=0 ^=0 


n — i\l p — i\ln — k + 1 


,P-V\ J 


(77) 

(78) 

(79) 
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We are now ready to compute C 2 n-k{J{)- When j - n-k and p + q - j - n, it follows that q - 2n - k - p. 
Then p < n implies q > n - k so that q e {n - k,n - k + 1}. This, in turn, implies that p e {n - l,n}. Also 
j < p - i implies i < p - j - p - {n - k). Thus 


n p-{n-k)n-k+l 


^2n-i 




p=n~l i=0 q=n-k 
n p-{n~k) 


p=n~\ /=0 

k-l 

1=0 


n — i\( p — i\(n — k + 1 


c, (w) A 


n — i\lp — i 
P- 


(„-t+ 1 ) 1 "- 

n — k \ n — k 


A Uk'ff 

(80) 

A oj'ff 

(81) 

n—k 


*FS 



+ (-Ifin -k+ l)ck(co) A A ajff. 

A quick calculation shows that 

( n — i\ (n — i — l\ (n-i 

ll tv I \ fl tv f tv 


(82) 


(83) 


Lemma 7. Let denote the X-hyperdiscriminant of format (n — k) and pt be eis in Eq. m- Then the 
degree of is given by 


deg(A^ = deg(A)^(-l)'(n-! + 1)(”_ Ja';- 


1=0 


(84) 


Proof Follows immediately from Eqs. (HB, dH, and 


5. Relations among Discriminants and Higher K-Energies 


Lemma 8. Let X 


be a smooth, linearly normal n-dimensional subvariety. Assume that 6(X) < n — k. 


where 6(X) is the dual defect of X. Then there is a continuous norm || -1| on the vector space of degree 




deg(A^ polynomials on ® C' 

(n-i + \) 


-^+ 1 \V 


y such that for all cr € SL(A^ + 1, C), we have 


iia: 


{n~k)\)f 


/=0 




n — 
n 


(pt Ci(tot) A w" ' A df. 


(85) 


where e denotes the identity in SL(A + 1, <i 


Proof Combining equations (5.50) and (5.52) in llPaul2all we see that 

£>7,(0.(ir(c„+i;//((r),//(c)) = (-l) f f <f,Cn(MO(l)IXf;h,)dt 

Jo Jx 


( 86 ) 

Jo Jx 

one the one hand; on the other hand by the Main Lemma (p. 276 ibid.), which we have extended to the higher 
K-energies in LemmalU 

||2 

(87) 


Dj,(^OMr(cn^uH(cr),H(e)) = (-1)"^'log 

11 Ax I r 
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Hence, 


log 


Ik-AxlP 

IIAzIl" 


-(- 1 ) 


" f f <f,c„ 
Jo Jx 


(jiW)\xr-,h,)dt 


ip,c„(Ji(0(l)\xy,h,)dt. 


By Lemma[ 6 ]it follows that 

^ in-i\ r' r 

^ ■ '■ " % - J fo Xxcr- 


(n~k) 
X 


(ft Ci(a)t) Aw" 'a tOpg A df 


(=0 

k 


^(-l)'(n -/+1)|”_ J if,Ci(to,) Aoj" ‘ Adt. 


( 88 ) 

(89) 


(90) 

(91) 


Theorem 5.1. Under the hypotheses of Lemma^ we have 


Mkicr) = ^(-l)'^' 


n — k 


deg (/?x) log- 


kr-A 


(n-01 


iia: 


(n-OI 


■-deg(A^ '*)log 


Wcr-Rxf 


ii/?xir 


Proof. First, note that for each n > 0 and k < n, the linear system 




>'.=1 : K .‘ 


has the solution 




i'=0 


7 = 0 , 1 ,...,^. 


When applied to Eas. (l84l) and dMT) . this gives, respectively, 

^ ,,-/'n-/\deg(A^'~'’) 


Pk 


—— y(-lyf” *)- 

’\n-k} 


ff* 


(ft Ckicot) Aw" * A df = 


1 


i=0 

k 


deg(A) 


« - A: + 1 


i=0 




k ■ A^: 


iia: 


(«- 0||2 
X II 


Applying Eas.(l95ll and (l96l l to Eq.lfTOll gives the result. 


(92) 


(93) 


(94) 


(95) 

(96) 


Remark 1. It is interesting that the A-hyperdiscriminants A^ of format (n -i),i -0,.. .,k are collectively 
responsible for encoding the presence of the A:th Chern form in Mk. 
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Proof of Theorem \l.l\ The theorem now follows directly from Theorem 15.11 after gathering even and odd 
powers of (-1). Explicitly, the vectors are 


v^R 




rii 






1=1 


yf ’ll p'-2j+l'\WV 


LIJ 


w - R 


•(g)(Ar"j 

1=1 


(n-2j)\i i,-k)do 


(97) 


where deg^A^ We regard the polynomials and (a^ as vectors in the irreducible SL(A^ + 

1, C)-modules 




(98) 

(99) 


for r a positive integer and i = 1,2,..., A:, 6{X) < n - k. The SL(A^ + 1, C)-modules V and W are then the 
appropriate tensor product modules containing v and w, respectively. □ 


Remark 2. From Lemmas [T] and |8] we have a recursion relation 


Mkia) - (- 1 ) 


k+l 


deg (Rx) log ■ 


k-A' 


{n-k)\ 


i|a: 


{n-k)\\ 

'X II 


.deg(Ar^>)log 


Wcr-Rxr 

ll^xlP 


k-l 


Z(-»' 


n — k 


Mi(o-) 


Remark 3. When A: = 1 we recover formula (1.1) in Theorem A in llPaul2al] : 

\(«-i)|P 


Mi(cr) = deg(/?x)log' 


o- ■ A. 


iia: 


(n-l)ll 


-deg(A^ '^)log 


Wcr-Rxr 

ll^xll" 


( 100 ) 


( 101 ) 


In this case V and W are irreducible’, in contrast, for A: > 1, V and W may no longer be irreducible. 


Corollary [T] now follows from the asympototic expansions ( l|Paul2all p.268) 
lint log ||/l(f)v||^ = Wi(v) log |f|^ + 0(1) 

|?H 0 

lim log ||T(f)w||^ = Wi(w) log |f|^ + 0(1), 

I'HO 

where v e V, w e W, and wa(v), Wi(w) are the wei ghts of T on v and w, respectively. 
Corollary |2]follows from the general formula ( llPaul3ll p.l8 Lemma 4.1) 


( 102 ) 

(103) 


log- 


log 


Ik - wir 


log tarn d„(o- ■ [(v, w)],a ■ [(v, 0)]), 


(104) 


wh ere d^ de notes the distance in the Fubini-Study metric on P(y©W), and the numerical criterion established 
in I Paul2b l. 
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